Beyond What Seems Necessary: Hidden Gains from Scaling Training-Time
Reasoning Length under Outcome Supervision

Yihao Xue Allan Zhang Jianhao Huang Amit Sahai Baharan Mirzasoleiman
University of California, Los Angeles

Abstract

Training LLMs to think and reason for longer has become a key ingredient in
building state-of-the-art models that can solve complex problems previously out
of reach. Recent efforts pursue this in different ways, such as RL fine-tuning to
elicit long CoT or scaling latent reasoning through architectural recurrence. This
makes reasoning length an important scaling knob. In this work, we identify a
novel phenomenon (both theoretically and experimentally): under outcome-only
supervision, out-of-distribution (OOD) performance can continue improving as
training-time reasoning length (e.g., the token budget in RL, or the loop count in
looped Transformers) increases, even after in-distribution (ID) performance has sat-
urated. This suggests that robustness may require a larger budget than ID validation
alone would indicate. We provide theoretical explanations via two mechanisms: (i)
self-iteration can induce a stronger inductive bias in the hypothesis class, reshaping
ID-optimal solutions in ways that improve OOD generalization; and (ii) when
shortcut solutions that work for ID samples but not for OOD samples persist in the
hypothesis class, regularization can reduce the learned solution’s reliance on these
shortcuts as the number of self-iterations increases. We complement the theory
with empirical evidence from two realizations of scaling training-time reasoning
length: increasing the number of loops in looped Transformers on a synthetic task,
and increasing token budgets during RL fine-tuning of LLMs on mathematical
reasoning, coding, and cross-representation tasks.

1 Introduction

Large language models (LLMs) are increasingly trained to think longer: they generate multiple
intermediate steps before outputting the final answer. A prominent example is chain-of-thought (CoT)
reasoning, where the model attempts to solve a problem step by step. In practice, such behavior is
often induced through reinforcement learning (RL) fine-tuning 35,136} 131} 138, /48]], where the model is
trained to generate substantial “thinking” tokens [13]] during rollouts. Another line of research studies
latent reasoning carried out in continuous embedding space, for example via architectural recurrence
such as looped Transformers [[12, 34] or continuous CoT [14]. Together, these developments make
reasoning length, whether explicit (tokens) or latent (loops), a central scaling knob.

Despite growing efforts to understand how CoT or looping affects a model’s expressivity [46] 23} [12],
and work on inference-time scaling of reasoning [39, 45]], the effects of scaling this knob during
training remain underexplored. This question is particularly important under outcome-only
supervision [24) 20]—for example, in RL the reward is often assigned solely based on the final
answer, and looped Transformers similarly provide no explicit guidance about how intermediate
computation should proceed. In such settings, intermediate behavior is learned implicitly, making
it crucial to understand what kinds of computation emerge through training. Essentially, scaling
training-time reasoning length amounts to allowing more self-iteration during training without
specifying how those iterations should be carried out. We thus lack a learning-theoretic account of:
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How does allowing the model to self-iterate more times during training (e.g., using a larger token bud-
get during RL, or training looped Transformers with more loops) change the learned solution? Can in-
creasing reasoning length lead models to solve the same task via a qualitatively different mechanism?

Understanding this question matters in realistic settings where training and validation data are
limited and distribution shift is expected at deployment. In such cases, in-distribution (ID) validation
performance can be misleading: models can be “right for the wrong reasons,” and an apparent ID
plateau can hide further gains in robust generalization. Indeed, we find that out-of-distribution (OOD)
performance can continue improving with increased training-time reasoning length even after ID
performance has saturated.

We provide theoretical explanations for these hidden OOD gains from a learning-theoretic perspective
that views increasing training-time reasoning length as increasing the number of self-iterations, and
analyzes how this changes the effective hypothesis class explored by the training algorithm. This
shift can alter which ID-optimal solution is selected, even when many solutions achieve the same ID
error. We formalize two mechanisms: (i) self-iteration can induce a stronger inductive bias, reshaping
the set of ID-optimal solutions in ways that improve OOD generalization; and (ii) when shortcut
solutions persist in the hypothesis class, regularization can reduce the learned solution’s reliance on
these shortcuts as the number of self-iterations increases.

We substantiate this phenomenon empirically through two realizations of training-time reasoning
length. First, we scale latent reasoning in looped Transformers by increasing the loop count. Training
on synthetic algorithmic tasks, we observe that ID accuracy saturates at small loop counts while OOD
accuracy continues to improve gradually. Second, we scale explicit CoT reasoning by increasing
the token budget during RL fine-tuning across math, code-to-math, and cross-representation (natural
language to graph) shifts across Qwen2.5-1.5B, Qwen3-4B, Qwen3-8B, and 01mo3-7B; OOD
accuracy keeps improving well past ID saturation, mediated by realized reasoning length with clear
compute—performance trade-offs.

Overall, we provide theoretical justification for a practical recommendation: when training is
outcome-supervised and distribution shift is expected after deployment, it can be beneficial to train
with longer reasoning lengths (larger CoT token budgets in RL or more loops in looped Transformers)
beyond what appears sufficient to saturate validation performance. In-distribution performance can
be misleading, masking substantial OOD gains from further scaling.

2 Related Work

RL post-training for reasoning. A key recent development is the use of variants of RL algorithms
[35, 136, 1311 138| 48] in post-training to produce models that generate longer CoT deliberation
[44, 22] and thereby solve more complex problems. This paradigm is emphasized in prominent
reasoning-model reports [18} 38} |13} 28]]. In RL fine-tuning, training rollouts are typically capped
by a maximum generation length, so the model learns to solve problems within a fixed token budget.
The choice of this budget therefore becomes an important scaling knob: training with a larger budget
typically yields more capable models [21} 13 137]].

Latent reasoning via structural recurrence. In parallel with efforts to elicit longer explicit
CoT, structural recurrence offers another route to scaling reasoning via latent “thought”. Looped
Transformers apply the same Transformer backbone repeatedly with shared weights—an idea that
can be traced back to [6]—and have recently attracted renewed interest due to their theoretical
expressivity, including the ability to simulate arbitrary Turing machines [5, [12], express iterative
algorithms [47, 8410, 46], and improved length generalization [7]. Saunshi et al. [34] shows
that looped Transformers can exhibit strong reasoning performance and highlights empirical and
theoretical connections to CoT, suggesting that looping can support a form of “latent thought”
reasoning. This perspective is also closely related to the idea of continuous CoT [14].

We connect these threads by viewing them as different realizations of self-iteration. We offer the first
learning-theoretic perspective on how the induced hypothesis class evolves as we scale the number
of self-iterations, shaping what is learned on one distribution and how it generalizes OOD.



3 Training-Time Self-Iteration Can Yield OOD Gains Without ID Gains

In this section, we develop theory to shed light on the phenomenon that OOD performance can
continue improving as we increase training-time reasoning length, even when there is no visible
ID improvement. Increasing reasoning length—whether explicit (e.g., via CoT tokens) or latent
(e.g., via the number of loops in looped Transformers)—can be viewed as different realizations of
increasing self-iteration. Our key observation is that permitting more iterations before emitting the
output changes how the model can produce its final answer. From a learning-theoretic perspective,
this corresponds to a change in the hypothesis class over which the training algorithm searches. A
natural implication is that when the ID optimum can be achieved in multiple ways, changing the
hypothesis class can steer learning toward a different ID-optimal solution that behaves differently
under distribution shift. We will illustrate two mechanisms through which this effect can occur.

Notation. We study a learning problem in which the goal is to learn a model f : X — ) from
a hypothesis class F}, with ground-truth target function z : X — ). Here k denotes the number
of training-time iterations (e.g., the token budget for CoT or the number of loops in a looped
transformer), and F}, denotes the resulting hypothesis class. We consider a population-level setting
in which the model is trained with respect to a distribution P over X and is subsequently evaluated
on a different distribution Q.

Understanding our phenomenon therefore requires analyzing how Fj, evolves as k increases, and
how this evolution interacts with the learning algorithm and the data distribution. Our theoretical
settings below are deliberately stylized: rather than modeling full LLM RL optimization dynamics,
they rigorously show that the phenomenon arises even at the population optimum and isolate two
mechanisms—hypothesis-class reshaping and shortcut suppression under regularization—mirroring
practical reasoning pipelines.

3.1 Self-Iteration Can Strengthen Inductive Bias in the Hypothesis Class

It is tempting to view self-iteration mainly as increasing expressivity, e.g., by enabling a broader class
of serial computations [27,23]. However, expressivity alone does not explain why self-iteration yields
solutions with better OOD performance but the same ID performance. We find that self-iteration
instead induces a favorable inductive bias in the hypothesis class, steering learning toward solutions
better aligned with the target. In fact, when the base class 7 is already sufficiently expressive, as is
common for large neural networks, self-iteration need not expand capacity: a k-fold self-iterate must
admit a k-th compositional root. We next present two examples where self-iteration either shrinks
or shifts the hypothesis space in ways that improve OOD generalization, while remaining optimal
in-distribution.

3.1.1 Example: Self-Iterating the Full Hypothesis Class on a Cycle Task

i

We illustrate the effect of self-iteration through a deliberately extreme toy example. The key “magic’
is that the base hypothesis class is maximally expressive: J7 contains every possible function and
is therefore completely unconstrained, much like an overparameterized neural network that can
fit the data in many incompatible ways. Nevertheless, when we restrict the learner to k-fold self-
compositions of functions from this same class, the resulting hypothesis class Fj acquires a strong
implicit structure—turning an unconstrained class into one that selects a uniquely correct solution
and generalizes perfectly to the OOD data.

A cycle task. Fix an integer n > 3 and define the domain S := {0, 1,...,n — 1}. Fix any held-out
point ¢ € S, and let Q := {¢} and P := S\ Q. Let P be the uniform distribution over P and Q be
the uniform distribution over QQ (a point mass at ¢). Let the ground-truth target z : S — S be some
cyclic permutation on S.

Given a function f : S — S and a distribution D over S, define the 0-1 loss Lp(f) =
Eynp 1{f(2)£2(x)}- Given a hypothesis class H, we minimize the ID population loss Lp, namely
argmingcq, Lp (f). We then evaluate the resulting minimizer on Q as a measure of OOD perfor-
mance. We take the base hypothesis class F to be the entire class of endomorphisms on S, and define
Fy, to be the class of k-fold self-compositions of functions in F: F :={ f : S — S}, Fj, == F°* =
{ f°k . f € F}. Here f°F denotes the k-fold self-composition f o fo---o f.

OOD failure at k£ =1. The ID minimizer can fit P perfectly while behaving arbitrarily on Q.



Proposition 3.1. There exists f, € arg mingez Lp(f) st Lp(fi)=0and Lo(f1)=1.

Proof. JF contains all functions S—S. One can interpolate IP and set the value at g arbitrarily. [

Most sufficiently large & enforce a unique OOD-optimal ID minimizer. We next show that,
despite F being completely unconstrained, for a large set of k the iterated class Fj induces a
much stronger inductive bias: the ID minimizer becomes unigue and equals the ground-truth z, and
hence is OOD-optimal. We quantify “most” via (lower) natural density: for a set A C N, define

[AN{1,2,...,
N

dens(A) = liminfy_ 00 N3, Intuitively, it is the asymptotic fraction of integers in A.

Theorem 3.2. For any € > 0, there exists a prime n and a set of “good" values of k
K={k>n—-1: ged(k,n) =1and ged(k,n—1)>1}

such that the following holds. (i) KC has high density: dens(K) > 1—e. (ii) For every choice of
held-out point q € S, every cyclic-permutation target z, and every k € K, the ID minimizer over
Fy. is unique and equals the ground truth: argming.r Lp(f) ={z}. In particular, the unique

minimizer f = z achieves zero OOD error, i.e., Lo(f) = 0.

Proof road map. The proof of Thm. is deferred to App. [A] We first establish a structural
uniqueness criterion for good interpolants at fixed n and & (Thm. [A.5), using functional-graph
properties of large iterates and a characterization of interpolants realizable as k-fold iterates.
Intuitively, gcd(k,n) = 1 ensures that the target z lies in Fj, while gcd(k,n—1) > 1 eliminates
the only spurious interpolant, forcing uniqueness. We then use density calculations and Dirichlet’s
theorem on primes in arithmetic progressions to pick a prime n for which the ged conditions hold
for a set of exponents k >n—1 with density at least 1 —e¢.

As an example, for e =0.25, we can take n =2311. Then Thm [3.2]implies that for at least a 0.75
fraction of integers k > 2310, learning over F achieves zero error both ID and OOD. In contrast,
when k=1, Prop. shows that there exists an ID minimizer with maximal OOD error Lo =1.

3.1.2 Example: In-context coefficient prediction with a linear transformer

We present an example of a linear transformer trained to perform in-context coefficient prediction [[17]]
for linear regression, trained with multiple self-iterations before producing its final prediction. We
show how increasing the number of self-iterations shifts the induced hypothesis class toward a generic
(in-context) gradient descent solver, yielding OOD improvements even when the ID loss remains zero.
We note that our notation is tailored to mimic autoregressive generation, but in this continuous token-
space setting it can be equivalently rewritten in a form more reminiscent of looped transformers [9]].

Input sequence structure. Each input sequence encodes a linear regression problem identified by a
tuple (2, 3), where z~N (0, X) and y=z " 3. Given (£, 3), we sample n i.i.d. pairs {(z;, y;)} 7,
and assemble them into an input matrix ng )B € Re%x(+1) with d, = 2d + 2 as follows. Let
X =[z1,...,x,) ER"andy = (y1,...,yn) " € R™ Define the following d. x (n + 1) matrix:

-
(n) ._ oy | nT2XT 02y 0404 Onsa
SE,B = S{(zi,yi) }ie1) = 014 0 01>><<d ~ . (H

The last column is a “query” token with a constant 1 in the final coordinate. Note that S(E")6 isa
random variable conditioned on (X, 3), while S(-) is a deterministic function of the sampled dataset.
The goal is to take ng )B as the prompt and infer 3 from the in-context examples.

Linear transformer with reduced weights. We consider a linear self-attention module with a

residual connection and reduced weights adapted from [17]. For any input matrix M € R4 **  define
T(M|V,W)=M+V MM "W M, where the only trainable blocks are V', W € R¥*? with

Oar1yxd  O(as1)x(d+2) ~ 045 (d+1) w 0ax1
V= \4 Oax(ar2y |» W= Oix@ty O1xd -1
014 01 (d+2) O(a+r1)x(d+1) Owsryxa Oatnyxt

We write the last token (last column) as: T'(M |V, W), = M]. 4 +VMM™W M. 4.



Autoregressive generation and extraction. We define a one-step autoregressive extension by
appending the updated last token. Given (V, W), for any M € R%*‘: Auto(M | V,W) =
[M T(M|V,W)]. We define an extraction map Extract(-), which, conceptually, abstracts
how a model’s final answer is obtained from its generated sequence, enabling direct comparison with

the reference answer. In our case, we specialize it to Extract(M) = M, [d+2:2d+1,¢) € R%, ie., we
extract rows d + 2, ..., 2d + 1 of the last token. Given a generation budget k, the induced predictor is
fe(- | V,W) = Extract o Auto®*(- | V., W), 2)

whose output lies in the same space as 3, the target coefficients we aim to predict.

In-context GD-implementing parameters. Given a dataset C = {(x;, y;) }-_,, consider the squared
loss R(w;C):=1 %" (@] w — y;)?. For a step size >0, one-step gradient descent (GD) on R
is w1 = wy — nVR(wy; C). On the other hand, given C, we form the input sequence S(C) as in

equation 1| and run the autoregressive model. For parameters (V', W), define the extracted prediction

at generation step ¢ by w;(C; V, W) = Extract(Auto®*(S(C) | V,W)). We say that (V, W)

implement GD updates if there exists a step size > 0 such that, for every dataset C and every ¢ >0,
W1 (CV, W) = w:(C; V, W) —nVR(w:(C; V,W);C).

Let ©p denote the set of such generic GD-implementing (V' ,W) pairs (i.e., the above equality holds

uniformly over all datasets). App. shows that this is equivalent to Ogp = { (—nlq, 1) | n>0 }

Infinite-context limit and loss. For each n, consider the model’s prediction fk(Sg’ )B | V,W)on

the input sequence Sg )ﬁ We study the infinite-context limit n — oo for any finite £. Under our data

model, the empirical moments in Sg )ﬁ S’(En /)BT converge to their population counterparts, implying

that fk(Sg’ )B | V., W) converges almost surely to a deterministic limit conditioned on (3, 3) (see
App.|B.1)). For a distribution D over (X, 3), we then define the infinite-context population loss as

Lo(fi) = Emgn || lm fi(SE, 1V, W) -8

Function class. For each generation budget k, define 7, := { fx(- | V, W) : SimDiagg(V, W)},

where SimDiagg (V, W) means that V, W € R%* are simultaneously orthogonally diagonalizable
over R. We impose this restriction to simplify the analysis. Note that this restriction still contains
the entire GD-implementing family.

Data distributions. P and Q are different distributions over (32, 3). We assume ¥ and 3 are
independent under both distributions, and 8 ~ N (0, I;). Under P, X is uniformly distributed over
{14, v2lq} with y1,v2 > 0 and 71 #~y2. Under Q, X = o1, for some yg € (0, y1+72)\{71,72}-
A mechanistic explanation: self-iteration steers learning toward an in-context GD solver. We
focus on even k. For the ID task, we can always achieve a perfect fit for any even k£ > 2. However,
the resulting OOD loss decreases strictly as k increases, so larger k provides a real benefit that is
not visible from ID performance alone. Our analysis also provides a mechanistic explanation: as k
increases, ID minimizers behave increasingly like a generic GD solver, illustrating how self-iteration
shapes the hypothesis class to favor more generalizable behavior. See proof in App. [B.2}

Theorem 3.3. We consider even k > 2. In the above setting, let [}, € argmin ¢ z, Lp(f) be any

minimizer on P. Let a == 2422 b .= hlgim Then: (1) (ID fit is always pe;‘fect) Lp(ff) =0.
k_ gk

(2) (Increasing k improves OOD loss) We have Lo(f}) = d (%) , which decreases

strictly as k increases over even integers. (3) (ID minimizers become increasingly similar to
an in-context GD solver as k grows) Define the parameter distance dist ((V, W), GGD) =

inf v/ wieoan (||V—V’||2F + ||W—W’H%) Then, for every ID minimizer f} with parameters

(V*, W*), dist (V*,W*),0¢p) =d (2)%, which decreases as k increases over even integers.

3.2 Regularization Can Yield OOD Gains When Shortcuts Persist in the Hypothesis Class

When discussing OOD generalization, a commonly invoked concept is that of a shortcut. In general,
a shortcut refers to a pattern that a model can exploit to fit the target on the training distribution



‘P, but which is not reliable or exploitable on an unseen distribution Q [11]. From this perspective,
in the setting analyzed in Sec. one can view shortcut solutions as eventually disappearing
as we increase k. However, shortcuts may persist in the hypothesis class even as we iterate. We
therefore characterize another mechanism that can still yield OOD gains even when ID performance
does not improve. The key requirement is that the learning algorithm employs an appropriate
regularization—one that penalizes shortcut solutions more strongly than the structured, generalizable
component. We formalize this mechanism below.

Let P, Q be distributions over X, and let z : X — ) be a fixed target function, where ) is
a (real) Hilbert space. For any measurable f : X — ) and any distribution D over X, define
Lp(f) == Eup||f(z) — 2(z)||?. Assume the hypothesis class admits a decomposition into a
structured part Gy, and a shortcut part Hy: Fr, = {g+h : g € G, h € Hy }, with 0€ Gy, 0 € Hy,.
We learn on P with regularization R:

(9.h) € argmin (Lp(g+h) + R(g,h)), 3)
9EGK, h€H
with R(g,h) = Rg(g) + Ru(h) [| Here, Rg,Ry are nonnegative functionals with

R (0)=Rp(0)=0. We evaluate the learned predictor f := § + h.

Assumption 3.4. We formalize Gy, as a structured, well-constrained family that behaves similarly
on ID and OOD data, and H;, as a weakly constrained family that can exploit shortcuts. We also
make assumptions on the regularization.

Well-structured part: distribution shift control on G;. There exists v > 1 such that for all g € Gy,

1
;LP(Q) < Lo(g) < vLp(9), “)

capturing the idea that Gy, contains transferable mechanisms.

Shortcut part: failure of OOD residual fit in 7{;. For any minimizer (g, ﬁ) of equation [3| define
the residual 7 := z — §. We assume there exists C' > 0 such that

Eonollh(z) = #(2)]* = CEsnolii(@)]*. ®)

Intuitively, H; captures non-transferable “shortcut” mechanisms: although h may help reduce
the objective on P, it cannot predict the remaining target residual 7 = z — § on Q beyond a
constant-factor improvement over doing nothing.

Regularization with the right bias. In practice, learning pipelines induce regularization via (1)
explicit mechanisms—weight decay, KL penalties, objective clipping, trust-region updates, and
LoRA’s low-rank constraint [16]—and (2) implicit optimization bias [40l [1} 29} 132126} 49| 2]]. We
hypothesize that these effects bias learning toward more structured solutions, in the sense that they
effectively control the shortcut component without overly penalizing the structured component.

(i) Norm control for the shortcut regularizer. 3 constants ap, ag > 0 such that for all h € Hy,
E.op|h(2)|? < ap Ru(h),  De{P, Q}. (©6)
One example is norm-based regularization, e.g., Ry (h) o ||h||3, for an appropriate function norm.
(ii) Bounded regularization for a structured fit. The regularization does not overly penalize the
structured component Gy: there exists p; >0 and gj; € argmin g, Lp(g) s.t.
Ra(gi) < prs (7N

Decoupled scaling of ID and OOD performance. In this decomposition view, ID performance is gov-
erned by how well the shortcut component can fit the training distribution, whereas OOD performance
is governed—both from below and above—by how well the structured one can fit, as shown below.

Theorem 3.5. Under Assumption define €, :=mingeg, Lp(g), which measures how well the
structured component Gy, can fit the target in-distribution, and define 6y = minpeyy, (Lp(h) +

IFor a clean presentation, we assume the regularizer decomposes additively. More generally, one can allow a bounded
cross-term and obtain analogous results with extra terms scaling with its bound..



Ry (h)) which measures the best regularized ID objective achievable using only the shortcut

component. For any ID minimizer f (equation .' (1) ID upper bound. Lp(f) < 6k. (2) OOD
sandwich bound. Cy ¢, < Lgo(f) < Cy (ek +pk), where Cy = % and Cy = 4y +4vap + 2ag.

Consider a regime in which the shortcut channel H,, is highly expressive and achieves a small
regularized ID objective even for small k, so that J; decays rapidly. In contrast, the structured
channel G, may require larger k for its expressive power to manifest, so €, decays much more
slowly. In this regime, the theorem implies that the ID error—upper bounded by §;—can decrease
quickly and plateau early, while the OOD error—lower bounded by € up to constants—can improve
no faster than the rate at which ¢, decreases. Note that Assumption only specifies that Hj
is non-transferable and norm-controlled while Gy, transfers across shifts, without assuming OOD
improvement with k: improvement further requires € to decrease with & while pj, stays controlled.

Role of regularization in the competition between G, and 7{;. The tightness of the OOD
upper bound in Thm. [3.3]is affected by C5 and pj. A tighter bound favors (i) sufficiently strong
regularization on the shortcut channel, reflected by reasonable norm-control constants ap, ag, and
(i1) mild regularization on the structured channel, reflected by a small pj, (i.e., a small penalty on
the structured fit). Mechanistically, as k grows and G, becomes expressive enough to compete
with shortcut fits, this regularization profile suppresses the shortcut component h while leaving a
low-complexity structured fit available, biasing minimizers toward Gy. As a result, reliance on H,
decreases and OOD performance can continue to improve even after the ID error has plateaued.

3.2.1 A concrete example with slow structured gains and fast shortcuts

For the purpose of illustrating the general result in Thm. [3.5] we present an admittedly stylized
instantiation designed to make the structured/shortcut decomposition and the role of regularization
transparent. Although analyzing highly complex models remains challenging at present, the same
qualitative behavior is empirically supported in Sec. 4]

For a sequence s = (eq, ..., er), let s[i] denote its i-th element and s[—1] its last element; when T'=
1, we identify s with e; when the context is clear. Each element is a token represented as a vector in RY,
and the prompt is a single token x € R?. For a vector v € R?, let v;.; denote coordinates i through j.

An autoregressive model. We define Auto(s) := Append(s, N(s)), where N is a next-token
generator that maps the current sequence to the next token. After k steps, the model outputs
fr(z) = Extract(Auto®*(z)), where Extract(-) maps a token sequence to ).

An iterative channel and a non-iterative channel. Next, we specify the next-token generator V.
Let a € A be a function R? — RP and b € B be a function R? — R!. Assume

N(S)lzp = a(s[—lh;p), N(S)p+1:p+l = b(s[l]lr:v)' ®)

with all other coordinates arbitrary as they play no role in the construction. Thus a is iterated across
steps (so its expressivity can grow with k), while b depends only on the initial token and does not
benefit from additional iterations. They write to disjoint coordinate blocks, so they do not interfere.

Resulting function class decomposition. Let ¢; : R? — Y and 15 : R — ). We define the
extraction rule Extract(s) = 1/11(5[71]14,) + ¢2(5[71]p+1:p+l). The prediction induced by the
model is then given by

fi(@) = (@ (21p) ) +va(b(w1) ). ©)

The induced hypothesis class decomposes as G = { 1 0a° o : a € A}, Hp={g0bom : b < B}.
Data. Let ) = R and [ = 1. Let the target function z be linear in the first p coordinates:
z(z) = m(x) 70,0 = (01,...,0,)" € RE,. LetU := {£1}? be the hypercube, with two disjoint
subsets Up :={u €U : uy = +1},Ug ={u €U : uy = —1}. We define distributions on inputs
x € R? by first sampling u € RP, then setting Z1:p = u; the remaining coordinates can be arbitrary

and play no role in the construction. Let P be the distribution obtained by sampling u ~ Unif (Up),
and let Q be obtained by sampling v~ Unif (Uy).

Functions. Let ¢; (v) =1T v for v €RP and 1) (t) =t for t € R. We define A and B as follows.



(i) A structured channel that improves with k. Define the structured class .A by diagonal linear maps:
A= {a(u) = diag(wy, ..., wp)u | 0 < w; < 7 forall i},

where 7> 1. A represents a gradually improving structured mechanism: it is well-aligned with the
target z (both are linear maps), but may be unable to represent z accurately under a small k. As k
increases, repeated composition increases 7% and enables increasingly accurate approximation of z.

(ii) An overly expressive shortcut channel. Let B be the RKHS on I/ induced by the Kronecker
delta kernel K (u,u') = 1{u = «’}. This shortcut channel can produce essentially arbitrary labels
on the finite support of P but provides no meaningful control on unseen inputs from O when the
supports are disjoint. It can be viewed as an analogue of the unconstrained capacity of a heavily
overparameterized neural network: for instance, when trained on math data, an LLM may internalize
a task-specific computation and produce answers with little step-by-step symbolic reasoning. This
can achieve low ID error but need not transfer reliably to unseen problems. We observe related
behaviors empirically in Sec.

Regularization. We regularize the next-token generator IV (Eq. [8) by its squared functional norm.
Concretely, for any induced predictor f, =g+ h of the form in Eq. we define R(g,h) = M| N|?,
|N||? = ||a||* + ||b]|%, for some A > 0. ||a||? is the squared Frobenius norm of the induced linear
map, i.e., » »_, w7, and ||b||% is the squared RKHS norm under the kernel defining B. Equivalently,
this corresponds to R (g) :=\|a||* and Ry (k)= \||b]|%.

Finally, we verify that the above satisfies Assumption [3.4}

Proposition 3.6. Letting M = 2P~1, Assumption.|3.4|holds with y=1, C =1, ap=ag=1/(AM),
2/k

=AY 07", e =30 (0= 7)1 )2 and 5= 2557 10113,

To illustrate the theorem numerically, let’s take p = 8, § = [0,2,0,0...]"T, 7 = 1.1, and
A =107°. Then pj = %, er = ((2—1.1%),)2, 6, ~ 0.005. By Thm. the ID loss satisfies

Lp(f) < &, < 0.006 for all k, so the ID error is small and plateaus right from the beginning. In
contrast, the OOD loss is bounded as ((2—1.1%) ;)2 < Lo (f) <4692 (((2— 1.1’“)9%—%) . In partic-

ular, when k=1, Lg(f)>0.81. When k > 8, the upper bound gives Lo (f) <0.056. Thus increasing
k from 1 to 8 provably reduces the OOD loss by at least 0.754, despite almost no ID improvement.

4 Experiments

4.1 Scaling Latent Reasoning via Looped Transformers on Synthetic Algorithmic Tasks
1.0

Looped Transformers have recently emerged as a new way to scale
reasoning length via additional “latent thoughts” [47, 12 34]. Concep- 5 °° /
tually, a k-loop model can be viewed as the k-fold self-composition of a  £os /
single Transformer block: the same backbone (with shared weights) is ~ $o7 | / e 1D val acc
applied repeatedly, rather than stacking k distinct layers with different 06 \/ —— 00D valacc

parameters. See the model and training details in App. 0 20 2
Number of loops

p-hop il}ducti'on. We consider the prpblem studied in'[33, 34]]. In this Figure 1: Looped Transform-
task., an input is a sequence over a finite alphabeF. Sta.rtlng from thg l.ast ers trained on 4-hop problems.
position, the model repeatedly “backtracks” by jumping to the position Requits averaged over 8
after the most recent earlier occurrence of the current symbol; after  random seeds. Increasing the
p such steps, it must output the symbol at the resulting location. See loop count yields OOD gains
App. for the formal definition. This probes a form of multi-step up to around 44 loops, while
retrieval that is reminiscent of the iterative reasoning required in certain ID accuracy saturates near
reading-comprehension-style settings. 100% by around 2 loops.

ID/OOD split. Let i1, . .., %, denote the hop indices (i.e., the positions visited during backtracking).
We assign an instance to ID if Y 7,4, is even, and to OOD otherwise, creating a strictly
disjoint-support shift while unseen even-parity instances serve as a same-distribution ID control.

Fig.|l|summarizes the results. As we increase the number of loops, ID validation accuracy quickly
saturates to nearly 100% (around 2 loops), while OOD validation accuracy improves much more
slowly and continues to increase even at very large loop counts.
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Figure 2: RL fine-tuning across three shifts with varying training token budgets (Pass@10). Left (Math):
Qwen2.5-1.5B-Instruct (Polynomial Roots — Mixed Operation, 3 seeds). Middle (Code): Qwen3-8B
(LiveCodeBench v6 — DAPO-Math-17K). Right (Cross-representations): Qwen2.5-1.5B-Instruct (NL
— graph transfer). Top / Bottom: matched vs. fixed max evaluation budget (8192, 16384, 2048). OOD
improves steadily on math and cross-representations; on code, matched-budget OOD climbs while fixed-budget
OOD sits near ceiling (= 84-85%).

4.2 Scaling Token Budgets in RL Fine-Tuning of LL.Ms

We next fine-tune LLMs across multiple domains with RL, varying the training-time token budget
that caps the maximum allowed CoT reasoning length.

Datasets and distribution shifts. Spanning changes in procedure, domain, format, and represen-
tation, we evaluate three distinct shifts (complementing the disjoint-support parity split in Sec. [4.1):
(1) Math (within-domain task shift): Polynomial Roots (ID, adapted from Sun et al. [41]] for
1.5B solvability; App. to Mixed Operation [41]] (OOD). (2) Code (cross-domain/format
shift): LiveCodeBench v6 [19] (ID) to DAPO-Math-17K [48]] (OOD, integer-answer math). (3)
Cross-representations (representation shift): natural-language (ID) to graph (OOD) variants of
isomorphic tasks from Lin et al. [25], fixing the underlying procedure. Training uses the ID train split
and evaluates on unseen ID and OOD validation splits, providing a direct same-distribution control.

Models and evaluation setups. Using GRPO [13] with correctness-only rewards and LoRA
[16], we fine-tune Qwen2.5-1.5B-Instruct [42], Qwen3-8B, Qwen3-4B [43]], and 01mo3-7B [30]
(App.[E.2). To separate training budgets from test-time truncation, we evaluate under a matched
budget equal to the training cap (Fig. 2] top) and a fixed budget set to each sweep’s maximum cap
(Fig. |2l bottom). Under both setups, ID accuracy plateaus by budget 256 (even slightly dropping
thereafter), while OOD accuracy improves steadily on math and cross-representations (Pass@1 in
App.[E:2.2). On code, the OOD trend is visible under the matched evaluation budget. However, under
the fixed evaluation budget the OOD metric sits near ceiling at every training budget (~ 84-85%),
so that panel has no headroom and we do not treat it as evidence for the phenomenon.

Scaling across model capacity and lineages. Since Thm. fixes the base class, it prescribes no
parameter-scaling law: extra capacity can aid either shortcuts (dy, |) or structured fits (e, px J), and
cross-size comparisons confound pre-training quality. Empirically, Fig.|3|confirms that our findings
persist beyond 1.5B and Qwen: on Qwen3-4B (harder Mixed Operation OOD to avoid ceiling),
fixed-8192 ID plateaus (86-91%) while OOD Pass@10 gains +27.5 points (45.5% — 73.0%);
on independent open-data 01lmo3-7B [30] (Pass@1, as Pass@10 saturates), matched-budget
OOD climbs 0.3% — 75.8% while fixed-budget OOD sits near ceiling (75.2-76.3%), reflecting
benchmark headroom rather than Qwen-specificity.

Reasoning dynamics and realized length. In Fig. [6] (App. [E.2.2)), small budgets (128/256) show
near-zero reward until response length abruptly collapses to minimal reasoning, whereas large budgets
(4096) grow length throughout training (examples in App. [E.2.2). Table [Ta|further separates the train-
ing cap from uncensored test-time length on Qwen3-4B (eval cap 8192 >> 1743 max mean). Realized
length grows with the cap except at 512 — 1024 (1038 — 962), the only step where OOD dips on
both Pass@1 (26.9 — 24.2) and Pass@10 (49.0 — 46.5). Across the n = 7 budgets, OOD rank
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Figure 3: Generalizability across model scale and lineage (numbers in Table App. . Left: Qwen3-4B
on harder Mixed Operation OOD (Pass@10); at fixed 8192 cap (bottom), ID plateaus (86-91%) while OOD
gains +27.5 points (45.5% — 73.0%). Right: 01mo3-7B on code (Pass@1), reproducing the matched-budget
OO0D climb (0.3% — 75.8%, top) while fixed-budget OOD sits near ceiling (75.2-76.3%, bottom).

Table 1: Realized reasoning length and compute trade-offs: (a) uncensored OOD length and accuracy on
Qwen3-4B (eval @ 8192); (b) estimated training FLOPs vs. OOD Pass@10 on Qwen2.5-1.5B-Instruct.

(a) Realized length (Qwen3-4B, eval @ 8192) (b) Compute trade-off (Qwen2.5-1.5B, Math OOD)
Cap Len. (tok) Pass@1 Pass@10 Cap FLOPs vs.min OOD AOOD A/10'%

128 803 257 455 32 4.8%x10Y7  1.0x 0.0 — —

256 925  26.2 46.5 128 5.7x10'7  1.2x 2.7 +2.7 30

512 1038 26.9 49.0 256 6.8x1017 1.4x 160  +13.3 121

1024 962 242 46.5 512 9.0x10'7 1.9x 217 +5.7 26
2048 1068 28.1 51.0 1024 1.4x10'® 2.8x 257 +4.0 8.7
4096 1336 34.8 62.5 2048 2.3x101%  4.7x  29.0 +3.3 3.7
8192 1743 43.1 73.0 4096 4.1x10'% 85x  31.7 +2.7 1.5
8192 7.7x10'® 16.0x  38.0 +6.3 1.7

correlation is higher with realized length than with the cap (0.89 vs. 0.79 on Pass@1; 0.99 vs. 0.94
on Pass@10), with partial » = 0.95 (p < 0.001) on Pass@1 controlling for the cap—supporting the
cap as an instrument for realized self-iteration & despite collinearity (KL = 0 ablation in App.|[E.2.2).

Compute trade-offs and shift sensitivity. Table [Ib|tracks OOD Pass@ 10 vs. estimated training
compute on Qwen2.5-1.5B-Instruct (= 10N FLOPs/token, N = 1.54 x 109, 57,344 sequences):
OOD rises up to 8192 (16 x compute), with marginal gains diminishing from 121 and 26 points per
10'8 FLOPs at 256-512 to 1.5-1.7 at 4096-8192. On distant benchmarks—MATH500 [15], 24] and
GSM8K [4]—checkpoints show small, stable gains (+3.7 and +1.7 points), indicating that OOD gains
scale with shared procedural structure while preserving general math ability.

5 Conclusion, Limitations, and Discussion

We study how scaling training-time (explicit or latent) reasoning length affects OOD generalization
under outcome supervision. Viewing reasoning as self-iteration, we show theoretically that increasing
it can improve OOD performance even after ID saturation by reshaping the induced hypothesis class
and interacting with regularization to suppress shortcuts, and corroborate this in looped Transformers
and RL fine-tuning across multiple shifts and model lineages.

Limitations. (i) Stylized theory: our formal results analyze population optima in tractable
constructions rather than LLM RL dynamics, holding the base class fixed without parameter-scaling
laws. (ii) Scale, compute, and headroom: our RL sweeps span models up to 8B (Qwen2.5/3, 01mo3),
show diminishing OOD gains per FLOP (Table([I]), and require benchmark headroom (fixed-budget
code OOD sits near ceiling). (iii) Shift sensitivity and shortcuts: gains rely on shared procedural
structure (modest on MATH500/GSM8K) and do not rule out “seemingly natural” shortcuts escaping
regularization. Rather than claiming universality, we clarify when hidden OOD gains arise.
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A Proof of Theorem 3.2

A.1 Overview

We study the “cycle task” on a finite set S of size n, where the ground-truth target z : S — Sis a
cyclic permutation (a single directed n-cycle). The training distribution is uniform on all but one
held-out point ¢ € S. We consider the hypothesis class consisting of k-fold self-iterates f° of
arbitrary functions f : S — S.

The main goal is a high-density uniqueness statement: for any desired accuracy level € > 0, we will
choose a suitable (large) prime n so that for at least a (1 — ¢) fraction of all integers k > n — 1, the
empirical risk minimizer over Fj, = F°* is unique and equals the true cycle map 2.

A WLOG reduction to the canonical cycle. Because z is a single n-cycle, there exists a relabeling
bijection 7 : S — S such that 7 o 2 o 71 = 2, where (i) = i + 1 (mod n). Conjugation
preserves k-fold iterates: (7 f7~1)°* = 7 f°*7~!, and it preserves which hypotheses interpolate P
(up to relabeling the held-out point). Thus it suffices to prove the theorem for the canonical target
z(i) =i+ 1 (mod n). We do so below, and the general statement follows by relabeling.

Henceforth, assume
z2(i) =i+4+1 (mod n).
Natural density. For aset A C N, define its (lower) natural density by
.. AN {L,2,...,N}|
= f .
dens(A) 1}\1;11)120 I

(All sets we use below are periodic modulo some integer, hence in fact have a true limit density.)
When we say “a (1 — &) fraction of integers k£ > m”, we mean that

oo ke {m, . N} ke A

2 1- €,
equivalently dens(A) > 1 — ¢ since removing finitely many integers does not change density.

A.2 A structural uniqueness criterion for fixed »n and &
A.2.1 Functional-graph facts for large iterates

Functional-graph terminology. Any map g : S — S can be viewed as a directed graph with
outdegree 1 at each vertex. A point x is periodic for g if g°*(x) = x for some t > 1. The height
ht(g) is the maximum, over all - € S, of the length of the shortest directed path from z to the set of
periodic points of g. Equivalently,

ht(g) <1 <= foreveryz €S, g(x) is periodic for g.
Lemma A.1 (Large iterates collapse height). Ler |S| = n and let k > n — 1. For every function
f:S =S, the iterate g = f°F satisfies ht(g) < 1.

Proof. Fix x € S and consider the forward orbit under f:

z, f(z), f%(x), ....

Among the n + 1 points z, f(x),..., f°"(x) there must be a repetition, so there exist indices
0 <i < j < nsuchthat fo(z) = f(z). Let y :== f°!(x). Then f°U=%)(y) = y, so y is periodic
for f, and moreoveri < n — 1.

Since k > n — 1 > 4, we may write

g(z) = f¥(@) = FeE I (y).
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Because y lies on a directed cycle of f, every forward iterate of y also lies on that cycle; in particular
g(x) is periodic for f.

Finally, if a point v is periodic for f, say f°™(u) = u, then it is also periodic for g = f°F because
g7 (u) = (F°F)°™ () = f (u) = .

Applying this to u = g(x) shows that g(x) is periodic for g. Since x was arbitrary, every point
reaches a periodic point of g in at most one step, i.e. ht(g) < 1. O
A.2.2 The only height-< 1 interpolants
Define the “skip-one” map Z : S — S by

. z(z),  x#q,

Z(x) =4 (10)

= {2 270

Thus z agrees with z on the training set P but sends the held-out point ¢ forward by two steps.

Lemma A.2 (Only two interpolants can have height at most 1). Let g : S — S satisfy g(x) = z(x)
SJorall z € P. Ifht(g) < 1, then g must equal either z or Z.

Proof. Because z is an n-cycle, there is a unique integer ¢ € {1,2,...,n} such that

9(q) = 2 (q),

where ¢t = n corresponds to g(q) = q.

If t = 1, then g(¢q) = 2(q) and hence g = z.

If t = 2, then g agrees with z on IP and sends ¢ to 2°?(q), so g = 2.

It remains to show that ¢ > 3 is impossible under ht(g) < 1.

Letr := z(q) € P. Then g(r) = 2(r) = 2°%(q). We claim that g(r) is not periodic for g when ¢ > 3.

Indeed, for each j € {0,1,...,¢ — 3}, the point 2°U+2)(g) is not equal to g, so along this segment g
acts exactly as z:

9 (g(r)) = g° (2°*(q)) = 2°U ) (q).

In particular, taking j = t — 3 gives g°*=3)(g(r)) = 2°=D(q). Since t € {3,...,n} implies
2°(t=1)(¢) # ¢, one more application of g still follows z, hence

g° D (g(r)) = o(°V(q)) = 2°(q) = g(q).

The point g(q) lies on the unique directed cycle of g:

o If t < n,then ¢ — 2°(q) — 2°*V(q) — --- = 2°("=V(q) — ¢ is a directed cycle.
» If t = n, then g(¢) = ¢ and ¢ is a fixed point.

When t > 3, the point g(r) = 2°2(g) is not on that cycle; it flows into the cycle after at least one step
and therefore cannot be periodic.

Thus there exists = r such that g(x) = g(r) is not periodic, which contradicts ht(g) < 1. Therefore
t # 3, and the only possibilities are ¢ € {1, 2}, giving g € {z, Z}. O

A.2.3 Which interpolants are k-fold iterates?
Lemma A.3 (z is a k-fold iterate iff gcd(k,n) = 1). Let |S| =nand k > 1. Then

z€F, <= gcd(k,n)=1.
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Proof. (=) Suppose z = f°F for some f : S — S. Since z is bijective, f°F is bijective, hence f
is injective: if f(x) = f(y) then applying f°*~1) gives f°%(x) = f°*(y), and bijectivity of f°*
implies * = y. On a finite set, injective implies bijective, so f is a permutation of S.

Moreover,
foz:fOfOk:fo(kJrl):fOkof:ZOf,

so f commutes with z. Leta € {0,1,...,n — 1} be such that f(0) = a = 2°*(0). Then for every

i €S, , , :
f(@) = F(z7(0)) = 27(f(0)) = 2*(a) = 2°(i),
so f = 2°%. Now f°F = 2°(@%) — - implies ak = 1 (mod n), which is solvable if and only if
ged(k,n) = 1.
(<) If ged(k,n) = 1, let a be the inverse of k£ modulo n, i.e. ak =1 (mod n). Set f := z°®. Then
fok — Zo(ak) — Zol =z,

so z € Fy. O

Lemma A4 (Z is a k-fold iterate iff gcd(k,n — 1) = 1). Let Z be defined by equationand set
L:=n—1. Thenforanyk > 1,

zeF, < gcdk,L)=1.
Proof. Letr := z(q) andlet C := S\ {r}, so |C| = L = n — 1. By construction, Z restricts to a
single directed cycle on C of length L (it is the z-cycle with the point  removed), and = maps into
that cycle:
Z(r) = 2°%(q) € C.
In particular, the periodic points of Z are exactly the points of C.

Fact: periodic points are preserved under iterates. For any map f and any k& > 1, a point z is periodic
for f if and only if it is periodic for f°F:

@) = = (1) @) = 0 (@) = w,
and conversely
(fok’)om(x) -7 = fo(km)(x) = .

Thus f and f°* have exactly the same periodic points.

(=) Necessity. Assume Z = f°F for some f. By the fact above, f and Z have the same periodic
points, so the periodic points of f are exactly C. In particular f(C) C C and every point of C'is
periodic for f, so f|¢ is a permutation of C'.

Since Z|c = (f|c)°F is a single cycle of length L, the permutation f|c must itself be a single cycle
of length L (taking powers of a permutation cannot merge distinct cycles). On a cycle of length L,
taking the kth power splits the cycle into ged(L, k) disjoint cycles. Because (f|c)°% = Z|¢ is a
single cycle, we must have ged(L, k) = 1.

(<) Sufficiency. Assume ged(k, L) = 1. Enumerate the cycle C in the order induced by Z as
co=q, er=22q), e=2(g), ..., epy=22""D(g),
so that Z(e;) = €;41 mod , for all i.
Let a be the inverse of k modulo L, i.e. ak =1 (mod L), and define f on C by
f(ei) = €ita mod L-
Then for each e; € C,

fOk(ei) = €i+ak mod L = €i+1 mod L = Z(ez)

It remains to define f on the remaining point r ¢ C. We want f°*(r) = Z(r) = e;. Since f(r) will
lie in C and f acts on C by e; — e;.44, it suffices to choose f(r) = e; so that

FPE D (eg) = en.
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But f*"~Y(e;) = €4 a(k—1) mod L» 50 we need
jtalk—1)=1 (mod L).
There is a unique j € {0,1,...,L — 1} satisfying this congruence; fix that j and set f(r) = e;.

Then
FR(r)y = PRI (f(r) = £ (e)) = a1y = €1 = Z(r).
Thus f°¢ = % on all of S, proving Z € F,. O

A.2.4 Uniqueness for fixed n, k

Theorem A.5 (Uniqueness of the good interpolant for large iterates). Fix n > 3 and a held-out point
q €S. Let k > n — 1 satisfy

ged(k,n) =1 and ged(k,n—1)> 1.

Then

L _ ’

arg min Lp(g) = {z}

and consequently the unique minimizer § = z has perfect held-out performance:

Lo(9) = 0.
Proof. Because ged(k,n) =1, Lemmaimplies z € Fi, hence the minimum possible training
loss over Fj is at most Lp(z) = 0 and therefore equals 0.

Now let g € F, satisfy Lp(g) = 0. Then g(z) = z(x) forall z € P. Since g € F,and k > n — 1,
Lemma [A.1] gives ht(g) < 1. LemmalA 2] then forces g € {z, Z}.

Finally, because gcd(k,n — 1) > 1, Lemmal[A.4]implies Z ¢ F,. Thus the only hypothesis in F},
with zero training loss is z, so the minimizer is unique and equals z. Since Q is the point mass at g,
we have Lo(z) = 1{z(q) # 2(¢)} = 0. O

A.3 Number theory: densities, totients, and Dirichlet
Lemma A.6 (Densities of multiples and coprimes). Let m > 1 be an integer.

1. The set {k € N :m | k} has density 1/m.
2. The set {k € N : gcd(k, m) = 1} has density o(m)/m, where @ is Euler’s totient function.
Proof. Both statements follow from periodicity modulo m. For (1), in each block of m consecutive

integers there is exactly one multiple of m. For (2), among the residues {1, 2, ..., m} there are exactly
©(m) residues that are coprime to m, and each block of length m repeats the same pattern. O

Lemma A.7 (Divisibility can only decrease ¢(-)/(-)). If M | N, then

#(N) _ p(M)
N - M

Proof. Using the prime-factor formula,
o(T) 1
— = | | 1—=1.
T < p
pIT

If M | N, then every prime divisor of M is also a prime divisor of N, so the product defining o(N)/N
contains all factors from (M) /M, and possibly additional factors of the form (1 —1/p) < 1. Hence
P(N)/N < p(M)/M. O

Lemma A.8 (Making ¢(M)/M arbitrarily small). For every § > O there exists an integer M > 2
such that
p(M)

i < 0.

18



Proof. Letp; < pa < - -- be the primes and define the primorial

t
Mt = sz
i=1

=TI (1)

t
i=1

Then

Using log(1 — z) < —z forx € (0,1),

: 1 : 1 ‘1
log <1—>> = log<1—> < - —.

A classical theorem of Euler states that Zp prime % diverges, so the RHS tends to —oo, forcing
[T, (1 —1/pi) — 0. Hence for large enough t, p(M;)/M; < &; set M = M;. O

Theorem A.9 (Dirichlet’s theorem on arithmetic progressions). If a,m € N satisfy ged(a, m) = 1,
then there exist infinitely many primes p such that p = a (mod m).

Lemma A.10 (A density lower bound for “good” exponents). Let n > 3 be prime and define
G, ={k € N:gced(k,n) = 1and ged(k,n —1) > 1}.
Then G,, has density at least

dens(G,) > 1— 1 M

n n—1

Proof. Because n is prime, ged(k,n) = 1 fails exactly when n | k, which has density 1/n by
Lemma 1). Also ged(k,n — 1) > 1 fails exactly when gcd(k,n — 1) = 1, which has density
¢(n—1)/(n — 1) by Lemma[A.6[2).

Thus the complement G¢, is contained in the union
{k:n|k} U {k:ged(k,n—1)=1}.

Taking densities and using subadditivity (a union bound) yields

1 —1
dens(GY) < — 4+ M
n n—1
Therefore dens(G,,) = 1 — dens(G5) >1— L — %~ -

A.4 High-density uniqueness for the cycle task via large iterates

Fix € > 0. We will choose a prime n such that

1 -1
1 e g ¢eo-b_c¢ (11
n n—1 2

2
Then Lemma will imply dens(G,) > 1 — e. Finally, Theorem[A.5| will transfer this density
statement to the uniqueness property.

Step 1: choose M with o(M)/M < £/2. By Lemmal[A.8] choose an integer M > 2 such that
p(M) _ €
ke P

M 2

Step 2: use Dirichlet to pick a large prime » = 1 (mod M). By Dirichlet’s theorem (Theorem[A.9)
with a = 1 and modulus m = M, there exist infinitely many primes n with

n=1 (mod M).
Choose such a prime n large enough that 1/n < £/2. Then M | (n — 1).
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Step 3: bound ¢(n — 1)/(n — 1). Since M | (n — 1), LemmalA.7] gives
pln—1) _p(M) _e
n—-1 — M 2
Together with 1/n < /2, this establishes equation 11}

Step 4: conclude a density-> 1 — ¢ set of ““good’” exponents. Define
Gy, ={k € N:gcd(k,n) =1and ged(k,n —1) > 1}.
By Lemma[A.10|and equation[I1]
1 p(n—1)

dens(Gp) >1——

> 1—e.
n n—1 —

Since removing finitely many integers does not change density, the same bound holds if we restrict to

k>n-—1:
dens({k >n—1: k€ G,}) =dens(G,) >1—¢.

Step 5: transfer “good ged” to uniqueness. For any k > n—1 with k € G,,, we have ged(k,n) = 1,
and ged(k,n — 1) > 1. Therefore Theoremapplies and yields

in Lp(g) = {z}.
arg min r(9) = {z}

Consequently the unique minimizer is § = z, and since Q is a point mass at ¢ we have Lg(g) =
LQ(Z) =0.

Thus for at least a (1 — ¢) fraction of integers k > n — 1, the uniqueness property holds.

B Proof of Theorem 3.3
B.1 Explicit Form of the Infinite-Context Limit

For each n, let S(Eng € R%*("+1) denote the input sequence constructed from n samples

{(z;,y:)}7_; via equation[l} Let X = [z1,...,2,] € R”" andy = (y1,...,y,)| € R™
Define the extracted coefficient vector at generation step ¢ by

w,ﬁ”) := Extract (AutoOt (S(zn% |V, W)) €RY,
so that wi™ = (S5 | V, W) by definition of f.
A direct block-matrix calculation using the sparsity of V', W shows that, for every t > 0,
B\ =" + V(ﬁ(”) W™ — ﬁ(”)), w»" =0, (12)
where

1 — 1 1 — 1
f}(n) = - i T = 7XXT A(n) = - iYi = —X.
n;mml n ’ v n;my n y

In particular, conditioned on the dataset, the induced update depends on the samples only through the
empirical moments X and u(™).

Unrolling the recursion equation [I2] yields the closed form

k—1
wf == (1+ Vi(")W)tVﬁ("). (13)
t=0

For fixed (V, W) and k, define the deterministic map

t
g(S,u) = — (I+V2W) Vu,  (Z,u) € R4 x RY,

S
Ju

~+
Il
o
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Then equation [T3]can be written as

,lb](cn) — gk(i(")7ﬁ(n))-
Since k is fixed, g, is obtained from its inputs via finitely many additions and multiplications (matrix
products and sums in a fixed order); equivalently, each coordinate of g (X, u) is a multivariate
polynomial in the entries of (X, u). In particular, gy, is continuous. Therefore, if (X, G(™) —
(3, u) almost surely, then g;, (X, d(™) — g, (X, u) almost surely (by the Continuous Mapping
Theorem).

Under our data model z; ~ A(0,X) and y; = =, 3, we have almost surely

~ 1 &
SOOI i ==Y za/g->3 — o).
Combining these facts yields the almost sure limit
k-1

t
Tim fi(S |V, W) = (2, 38) = - (I + Vzw) VEB. (14)
t=0
Equivalently, writing @y, := ¢x(X, X03) and letting A := I + VEW,

k—1
wk—ﬁz—<;AtV2+I)B. (15)

B.2 Characterizing in-distribution minimizers and convergence to GD

We repeatedly invoke the finite-n update equation[I2]and the population-limit expression equation|[T4}-
equation [I3]established in Subsection [B.1]

Step 1: Characterizing generic GD-implementing parameters. Recall the definition of Ogp
from equation we say that (V, W) implements one-step GD if there exists 77 > 0 such that, for

every dataset (equivalently, for all realizable empirical moments (27 1)) and every iterate w € RY,
the induced update equals the GD update.

By equation T2} the transformer-induced one-step update has the form
Uy w(w; 3,8) = w+ V(EWw — 1),
whereas one-step GD on the squared loss is
Ucp,y(w; i,ﬁ) =w — n(iw — ﬁ).
If Uy, w = Ugp,, holds for all w and all (f], u), then comparing the coefficients of u forces
-V =nly,ie.,, V = —nl,. Substituting this into the coefficient of 3w yields
VEW = —nf] for all f),

which implies W = I;. Hence

Oap = { (=4, L) | >0 } (16)

Step 2: Infinite-context error under isotropic ¥ = vI;. We now work in the infinite-context
limit. By equation[I3] for any covariance 3 we have

k—1
wk_gz_(ZAtvz+I)ﬁ, A=I1+VEW.
t=0
Specializing to the isotropic case 3 = vI; yields
k—1
Wy —B=—A(V,W)B,  A(VW)=) (I+VW)V+I. (17
t=0

Since B ~ N(0,1,), we have Eg||A,8|*> = ||A,||%. Therefore, under P (uniform over vy €
{71,721

1 1
Lp(fr) = 51145 (V. W7 + 51 Ay (V, W) (18)
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Step 3: Reduce to a scalar problem via simultaneous orthogonal diagonalizability. Recall that
we only consider V', W that are simultaneously orthogonally diagonalizable over R, i.e., there exists
an orthogonal matrix U such that

V = Udiag(vy,...,v)U ", W = Udiag(wy, ..., w)U".
Since A, (V', W) is a matrix polynomial in V" and W/, it is diagonalized by the same U':
A (V,W)=Udiag(A, 1,...,A,)U",

where, for each i € [d],

k—1
1+ V; W4 k_ 1
Avi=1470 Y (L+ o) =1+ At yvaws)” =1 = o1 (19)
t=0 g

The last equation is for w; # 0. Note that, if w; = 0, then A, ; = 1 + yv; f;ol 1 =1+ kyv,,
which cannot vanish simultaneously for v = ~; and v = -5 since ; # ~2. Hence any zero-loss

solution must satisfy w; # 0. Because U is orthogonal, || A, [|% = Z?Zl A2, and equation
becomes

d d
1 1
Lp(fe) =5 ) A5+ 5 D AL (20)
i=1 i=1
so the minimization decouples across coordinates.

Step 4: Solve the per-coordinate minimization problem (even k). Fix ¢ and write v = v;, w = w;.
Achieving Lp (i) = 0 requires A, (v, w) = A4, (v, w) = 0, which is equivalent to

(1+yvw)* =1—-w fory € {y,72}.
In particular, (1 + y,vw)* = (1 4+ ypvw)*. Let x := 1 + yvw and y := 1 + yovw. Since k is even
and z, y € R, the equality ¥ = y* implies |z| = |y|, hence = +y.
If x = y, then (73 — v2)vw = 0. Since 71 # 7o, this forces vw = 0, and substituting into
(1+~vyvw)k =1 —wgives 1 =1 —w, i.e., w = 0. As noted in Step 3, the case w = 0 cannot yield
zero loss at both v; and v,. Therefore the case x = y is impossible, and we must have x = —y, i.e.,

1+ movw = —(1 4+ yow).

Solving gives vw = —1/a, where a := (y1 + 72)/2. Writing b := |y —¥2|/2 and using vy = a +b
and v2 = a — b then yields

== (@)

Thus the pair (v;, w;) is uniquely determined and identical for all 4, and consequently every in-
distribution minimizer f;; must have parameters

1

W* — (1 - (b/a)k)Idv V= “a(1-(b/a)k)

1, (21)
which proves item (1).

Step 5: Compute the OOD loss and monotonicity. Plugging equation[21]into equation |19 with
Y = g gives

) 2
(a—~g)" —bF 2 (a —~g)" —bF
Ayg = ak —pk Lo(fi) = dA5, =d afF — bk '
To show strict monotonicity over even k, define
_lezre| L0
a a
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Under the assumption vo € (0,2a) \ {71,72} we have r,s € (0,1) and r # s. For even k (so
k ok
%, 5% > 0),

k k
i —s
el = 1—sk
It suffices to show that the function
rt_ gt
t) = , t >0,
¢( ) 1 _ St

is strictly decreasing. Without loss of generality assume r > s (the case r < s is symmetric by
absolute value). Write 7 = ¢~ and s = ¢~ # with 0 < o < 3. Then

e—at _ e—,Bt
o) ==
A direct derivative calculation gives

Bt _ _ at __
o) = -2 (elﬁt _fgi 2 oo

e”t—1

Since z is strictly increasing for x > 0 (for any fixed ¢ > 0), and 5 > «, we have

a(eft — 1) > B(e®* — 1), hence the numerator is positive and thus ¢'(t) < 0. Therefore ¢(t)
(and hence Ay D) decreases strictly with ¢, implying that Lo(f}) =dA2 o, decreases strictly as k
increases over even integers.

Step 6: Distance to the GD-implementing family. Let (V*, W*) be as in equation By
equation the closest point in ©gp matches V* (take = 1/[a(1 — (b/a)*)]) and sets W' = I,
hence

' b 2k
dist (V*,W*),0¢p) = |[W* — L[|} =d (a> ,

proving item (3). O

C Proof of Theorem 3.3
Proof. Fix k. Let (§, h) be any minimizer of equation and define f := § + h.

(1) ID upper bound. Recall
6 = min (Lp(h) + RH(h)>.

k
Since 0 € G, for any h € H,, the pair (0, k) is feasible for equation 3] and R(0,h) = R(0) +
Ry (h) = Rp(h) because R (0) = 0. By optimality of (g, h),
Lp(f)+ R(g,h) < Lp(h)+ R(0,h) = Lp(h)+ Ry(h)  VheH.
Taking the minimum over h € Hy, yields
Lp(f) + R(g, h) < 5.
Since R(§, h) = Ra(§) + Ry (h) > 0, we conclude

Lp(f) < 0k
(2) OOD lower bound. Define the residual associated with §:

Ti=2z—g.
Then
Lo(f) = Benoll /(&) = 2(2)|* = Eenall§(2) + h(z) — 2(x)[* = Esnollh(z) — #(2)]*.
By Assumption (Shortcut part, equation , applied to the minimizer (g, ii) of equation
Eonollh(z) = #(2)|* = CEunoll#(2)]® = C La(d).
Using Assumption(Well—structured part, equation , Lo(g) > %L”p (9). Finally, since § € Gy,
Lp(§) > mingeg, Lp(g) = €x. Therefore,

Lg(f) > e, = C1 €.

=21Q
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(3) OOD upper bound.  Let g € argmingeg, Lp(g) be as in Assumption[3.4ii), so Lp(g}) = e
and Rc(g5) < pr. Since 0 € Hy, the pair (gf,0) is feasible for equation |3| and R(g;,0) =
Re(gt) + Ri(0) = Ra(gt) because Ry (0) = 0. By optimality of (g, h),

Lp(f) + Ra(§) + Ru(h) < Lp(gi) + Ra(gh) < e+ pre (22)
Dropping the nonnegative term R (g) gives
Lp(f) < ex + pr, Ry (h) < ex + pr. (23)

We now bound Lo (f). Using [|u + v||2 < 2||u|? + 2|jv]|2,

Lo(f) = Esnall(§(z) — 2(2)) + h(@)|* < 2La(9) + 2Eunollh(2)]*.
By equationfd] Lo (§) < vLp(). Also,

Lp(§) = Eanp||(f(2) — 2(2)) = h(@)|* < 2Lp(f) + 2Eonp|h(2)]*.
By Assumption [3.4{i) (Norm control, equation [¢)),
Epnp|(@)|* < apRu(h),  Epmolh(z)|® < agRu(h).
Combining these bounds,
Lo(f) < 2y(2Lp(f) + 2apRu(h)) + 2aRu(h)
=4y Lp(f) + (4vap + 2aQ)RH(iL).
Applying equation 23] yields

Lo(f) < (47 + 4vap + 2a0) (er + pi) = C2 (ex + pi).
Combining (1)-(3) completes the proof. O]

D Proof of Proposition 3.6

Proof. We work on the support &/ = {£1}? via u = w(x) = x1.,. Recall P = Unif(Up),
Q = Unif(Ug), and [Up| = [Ug| = M = 2P~". The target is z(u) = u' 6 with 6 € RZ,.

1) Distribution-shift control on G, with v = 1, and the value of ¢;. For a(u) =
diag(wy, ..., wp)u with 0 < w; < 7, we have a°* (u) = diag(wf, ..., wk)u. With ¢ (v) = 1T,
any g € G}, can be written as

g(u) = 17a Ok Zozzul, o = wf € [O,Tk].

Hence

(9(u) = 2(u))* = (f@- AR
=1

Under both P and Q, the coordinates satisfy E[u;u;] = 0 for i # j and E[u?] = 1 for all i (note
uy = £1 but still u = 1 and E[uju;] = Efu;] = 0 for j > 2). Therefore,

g)= Z(O@ —0,)°> = Lol(yg),

so equation ] holds with v = 1.

To compute €5, we minimize Y ¢_, (o; —60;)? subject to a; € [0, 7], which yields o} = min{6;, 7*}.

Hence
p

p
& = min Lp(g) = Y (6; — min{0;, 7°})* = > ((0; - 7*
=1

G
9€Tk Py
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2) Norm control on H;, with ap = ag = 1/(AM). Herel =1and 12(t) =t,soany h € Hy, is
of the form A(u) = b(u) for some b € B. For the Kronecker delta kernel K (u, ') = 1{u = u’} on
the finite set ¢/, the RKHS norm satisfies

Il = b(w)?

ueU

Moreover, the instantiation defines Ry (h) := A||b||%. Thus,

1 1 1
Eu~p [R(u Z b(u)? < i > b(w)? = MW’”% = WRH(h)‘

uEZ/{p ueU

The same argument holds for Q. Hence equation|[6]holds with ap = ag = 1/(AM).

3) Bounded regularization for a structured fit and the value of p;. Under the instantiation,
Ra(g) = A|a|? with ||la]|* = Y-7_, w?. Let g} be the minimizer achieving o} = min{6;, 7"}
above, and choose w} := (a})'/* € [0, 7]. Then g} € Gy and Lp(g}) = €x. Moreover,

P P P
=2 (w))? =2 min{67*, 72} <A 6P,
1=1 1=1

Thus Assumption 3. 11) holds with p = AY"7_, 12 /k,

4) Value of 0. Recall 6, = minjey, (Lp(h) + Ry (h)). Write h(u) = b(u). Since Lp depends
only on values on Up, and Ry penalizes ), ,, b(u)?, any minimizer satisfies b(u) = 0 for all
u ¢ Up. Thus the problem reduces to

i e 3 (b - 2(w) 4 A S b

ucUp u€Up

This decouples over u € Up. For each u, minimizing 5 (b — 2)? 4+ Ab? gives b* =
back yields the optimal value

197 Plugging

)\ 2
%= 2 Hw”

Finally, under u ~ Unif(Up), E[z(u)?] = 0T E[uu"]0 = [|0]|3, and hence Y, ;. z(u)? = M||0]]3.
Therefore,

S = o 161

5) Shortcut failure on #; with C = 1. Let (§ h) be any minimizer of equation (3 l and write
h(u) = b( ). As above, the objective depends on b(u) for u ¢ Up only through the penalty term
A e b(w)?. Therefore, for any minimizer we must have b(u) = 0 forall u ¢ Up, and in particular
fL(u) = 0 for all u € Ug. Define 7 := z — §. Then on Q,

h(u) = #(u) = —i(u),  u€elg,
and hence
Eung|h(u) = #(u)* = By |#(u) .
Thus equation [5|holds with C' = 1.

Combining the above verifications establishes Assumption [3.4] with the stated constants and the
claimed expressions for €, pk, 0. O
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Figure 4: Results for looped Transformers on the 4-hop task with loop embeddings show a pattern
consistent with Figure [I] ID accuracy saturates around 2 loops, while OOD accuracy continues
improving up to around 36 loops.

E Experimental Details

E.1 Additional Details for Section 4.1]
E.1.1 Description of the p-hop Problem
Formally, fix a finite alphabet 3 and a sequence v € X™. Define the one-step backtracking map
find; (v,1) = max({O} U{j<i:vii=w }),
and for p > 2 define the p-step backtracking recursively by
find,(v,i) = find; (v, find,_1(v,1)).

The p-hop target is then defined as hopp(v) ‘= Vfind, (v,n)- and in our data generation we ensure that
the p-hop always exists (i.e., find,(v,n) # 0). Intuitively, the task asks the model to recursively
backtrack through the sequence for p steps according to the find; rule, and then output the symbol
found at the resulting location.

Following [34]], we generate sequences by first sampling a valid p-hop chain and then filling the
remaining positions with random filler symbols while respecting the p-hop constraints.

In our experiments, we set p = 4, the vocabulary size to 4, and the sequence length to 12.

E.1.2 Model and Training Details

Architecture. We use a looped Transformer classifier operating on fixed-length token sequences.
Each input sequence is embedded using learned token embeddings and learned positional em-
beddings. The backbone consists of a single Transformer block, comprising multi-head self-
attention followed by a two-layer MLP with GELU activations, residual connections, and layer
normalization. To scale latent reasoning depth, the backbone is applied repeatedly for k €
{1,2,4,8,10,12, 14,16, 24, 28, 32, 36, 40, 44, 48} loops, with parameters shared across loops. The
final hidden state at the last sequence position is passed through a linear classification head to predict
the output symbol. The classification head is linear and does not use bias. We use model dimension
256, with 8 attention heads and MLP hidden dimension 512.

Optimization. Models are trained using AdamW with learning rate 10~3, cosine decay to a
minimum learning rate of 10~%, and a warmup of 1000 steps. We set weight decay to zero. Training
is run for 20,000 steps with batch size 256. Gradients are clipped to norm 1.0. We use automatic
mixed precision for efficiency.

E.1.3 Additional Experiments with Loop Embedding

In addition to the vanilla looped Transformer considered in Section 4.1 we also study a variant
that incorporates loop embeddings. Concretely, at each loop iteration ¢ € {0,...,k — 1}, we add a
learned embedding vector e, € R%model to the hidden states before applying the shared Transformer
block. This provides the model with explicit information about the current iteration index, allowing
the weight-tied backbone to implement iteration-dependent update rules. This design is analogous
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Figure 5: Pass@1 results show the same qualitative pattern: ID performance oscillates slightly more
but exhibits no clear improvement beyond a token budget of 256, while OOD accuracy continues
to improve steadily under both evaluation setups.

to timestep or iteration encodings used in recurrent and looped Transformer variants, such as the
Universal Transformer [6]], and more recent work on looped Transformers [46]] and continuous CoT
models [14]]. Figure @] reports results for looped Transformers with loop embeddings. We observe
the same pattern as in Figure[I} ID validation accuracy saturates rapidly around 2 loops, while OOD
accuracy continues to improve with increasing loop count, exhibiting clear gains up to around 36
loops. This indicates that the OOD improvements observed in Section [4.1] are robust to the inclusion
of explicit loop-index conditioning and do not rely on strict homogeneity across iterations.

E.2 Additional Details for Section [4.2]
E.2.1 Data and Training Details

Additional dataset details. For both the ID and OOD datasets, we use 900 examples for training
and 100 examples for validation. We create a custom variant of the Polynomial Roots task because
the original version is too difficult for the 1.5B base model (0% accuracy), making RL training
uninformative. In our variant, each example presents a univariate polynomial P(x) (with integer
coefficients) and asks for the largest rational root written in lowest terms as n/m, followed by the
derived target |n| - |m|. Concretely, we construct polynomials by sampling a small number of rational
roots and coefficient factors, forming linear terms of the form (A;x — b;), and multiplying them using
sympy to obtain P(x), which is then used in the prompt. The ground-truth label is computed by
identifying the largest rational root of P(x), reducing it to coprime integers (n,m), and outputting
|n| - |m|. For example, one instance from our dataset is:

Let P(z) = 14423 — 2762 — 1042 — 9. Find the largest root n/m where n and m are
coprime. What is |n| - |m|?

The largest root is 9/4, so the target is |9| - |4| = 36. This construction yields instances that are
solvable by the 1.5B model while still requiring multi-step reasoning.

Training and evaluation setup. On the math setting (Fig. left), we fine-tune
Qwen2.5-1.5B-Instruct using GRPO [13] with a correctness-only reward, and apply LoRA [16]
with rank 32 and o = 64. All experiments are run using the verl framework. We train for 4 epochs
(224 total training steps) with AdamW, a learning rate of 3 x 1075, and a KL regularization coefficient
of 0.001. The batch size is 16, with 16 generations sampled per prompt. Training is performed on
4 NVIDIA A6000 GPUs. At evaluation time, we decode with temperature 1. For the code setting
(Fig. 2] middle), we apply GRPO fine-tuning to Qwen3-8B [43] on LiveCodeBench v6 [19] and
evaluate OOD on DAPO-Math-17K [48]; we also replicate this budget sweep on 01mo3-7B [30]
(Fig.[3] right; Table[2) to verify robustness across an independent pre-training lineage. For the 4B
math scaling experiment (Fig. [3] left; Table[2), we fine-tune Quen3-4B [43] on Polynomial Roots
and evaluate on a harder variant of Mixed Operation so that accuracy stays away from the 100%
ceiling across token budgets, mirroring our difficulty adjustment of Polynomial Roots for the 1.5B
model above.
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Figure 6: For small budgets (128/256), the mean reward (left) remains near O early in training
and rises sharply when the mean response length (right) abruptly drops, indicating a transition to
shorter, less step-by-step outputs. In contrast, with a large budget (4096), response length increases
throughout training.

E.2.2 Additional Results and Regularization Ablation

The Pass@1 counterpart to Figure 2] for the experiment on the math dataset is shown in Figure[5] ID
accuracy still peaks around a token budget of 256, while OOD accuracy continues to improve steadily
under both evaluation setups. Figure[6]shows the budget-dependent reasoning dynamics discussed
in Section[d.2] Table [2]reports the exact numerical values plotted in Figure [3|for Qwen3-4B (math,
Pass@10) and 01mo3-7B (code, Pass@1) across all training token budgets.

Table 2: Exact ID and OOD validation accuracies (%) corresponding to Figure [3|across training-time
token budgets. Left: Qwen3-4B on math (harder Mixed Operation OOD variant, Pass@10). Right:
01mo3-7B on code (LiveCodeBench v6 — DAPO-Math-17K, Pass@1).

Qwen3-4B (Math, Pass@10) 01mo3-7B (Code, Pass@1)
Train Eval @ train Eval @ 8192 Eval @ train Eval @ 8192
Budget D Oo0OD ID OOD ID OOD ID 00D

128 0.0 00 880 455 — — — —
256 0.0 50 8.0 465 211 03 383 763
512 1.0 175 91.0 490 105 6.1 148 759
1024 15.0 365 86.0 46,5 220 255 445 752
2048 55.0 505 91.0 51.0 332 49.1 434 758
4096  96.0 620 91.0 625 357 668 341 754
8192 100.0 775 910 730 416 758 416 758

Exploratory ablation setting the KL coefficient to zero. To examine the role of explicit KL
regularization in GRPO, we also ran an exploratory sweep training Qwen2.5-1.5B-Instruct on
the same math setting with the KL penalty coefficient set to 0 (1 seed per budget due to compute
constraints; Table[3). Under a fixed 8192-token evaluation cap, Pass@1 ID accuracy stays roughly
flat (7.1% — 8.4%, peaking at 9.3% at budget 1024) while OOD accuracy varies between 8.3%
and 11.7% (9.8% at 128 vs. 11.3% at 8192). However, because this sweep uses a single seed per
budget—and removing the KL term removes a stabilizing constraint on policy updates, increasing
seed-to-seed variance—a non-monotonic ~ 1.5-point difference cannot be separated from seed
noise, and we treat this result as inconclusive. More broadly, setting the KL coefficient to zero
ablates only one contributor rather than regularization as a whole: practical RL pipelines retain
multiple other explicit and implicit regularizers that are integral to stable optimization, including
objective clipping, weight decay, the low-rank update constraint of LoRA, and the implicit bias of
gradient-based optimization [40, [1, 29} 32, 26} 49, 12].
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Table 3: Exploratory KL = 0 sweep on math (Qwen2.5-1.5B-Instruct, Pass@1, 1 seed per
budget). Because removing KL increases run-to-run variance and other explicit/implicit regularizers
(clipping, LoRA, optimization bias) remain active, the small non-monotonic variations at a single
seed are inconclusive.

Train Token Budget ID (eval @ train) OOD (eval @ train) ID (eval @ 8192) OOD (eval @ 8192)

128 0.0 0.0 7.1 9.8
256 0.0 2.4 82 9.3
512 0.0 8.0 8.4 9.5
1024 3.1 9.4 9.3 8.3
2048 8.9 11.9 9.0 10.1
4096 75 10.0 8.6 11.7
8192 8.1 10.9 8.4 11.3

Example outputs at different training-time token budgets

Question.

For 6x#*3 + 13x%2 + 4x - 4 = 0, express the smallest root as n/m in lowest terms.
Calculate the product of absolute values |n| * |m|?

Model trained with a token budget of 128.

\\ [\n\\boxed{2}\n\\]

Model trained with a token budget of 256.

We first find the roots of the given cubic equation by factoring or using numerical
methods. This gives us the roots -4, -2, and 1/2. The smallest root is -2,
which is in the form of a fraction. Therefore, n=2 and m=1, and their product
of absolute values is |n| * |m| = 2 * 1 = \\boxed{2}.

Model trained with a token budget of 4096.

(Continued on next page.)
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To find the smallest root of the polynomial equation \\(5x~3 + 13x"2 + 4x - 4 =
O0\\), we can use the Rational Root Theorem, which suggests that any

rational root of the polynomial equation is a factor of the constant term (-4)
divided by a factor of the leading coefficient (5). The factors of 4 are
\\(\\pm 1, \\pm 2,

\\pm 4\\), and the factors of 5 are \\(\\pm 1, \\pm 5\\). Therefore, the
possible rational roots are \\(\\pm 1, \\pm \\frac{1}{5}, \\pm 2, \\pm
\\frac{2}{5}, \\pm 4, \\pm

\\frac{4}{5}\\) .\n\nWe will test the possible roots by substituting them into
the polynomial:\n\nFirst, let’s test \\(x = 1\\):\n\\[5(1)"3 + 13(1)~2 +
4(1) - 4=5+ 13+ 4

- 4 = 18 \\neq 0.\\1\nSo, \\(x = 1\\) is not a root.\n\nNext, let’s test \\(x =
-1\ :\n\\[5(-1)"3 + 13(-1)"2 + 4(-1) - 4 = -5 + 13 - 4 - 4 = -2 \\neq
0.\\1\nSo, \\(x =

-1\\) is not a root.\n\nNext, let’s test \\(x =
\\frac{1}{53\\) :\n\\ [6\\left (\\frac{1}{5}\\right)~3 +
13\\left (\\frac{1}{5X\\right)~2 + 4\\left (\\frac{1}{5}\\right) - 4 =

5\\left (\\frac{1}{125}\\right) + 13\\left (\\frac{1}{25}\\right) +
4\\left (\\frac{1}{5\\right) - 4 = \\frac{5}{125} + \\frac{13}{25} +
\\frac{4}{5} - 4.\\]\nConverting all

terms to a common denominator (125):\n\\[\\frac{5}{125} + \\frac{13(5)}{125} +
\\frac{80}{125} - \\frac{500}{125} = \\frac{5 + 65 + 80 - 500}{125} =
\\frac{-350}{125} =

-2.8 \\neq 0.\\]J\nSo, \\(x = \\frac{1}{5}\\) is not a root.\n\nNext, let’s test
\\(x = -\\frac{1}{5F\) :\n\\ [6\\1left (-\\frac{1}{5}\\right)~3 +

13\\1left (-\\frac{1}{6\\right)~2 + 4\\left(-\\frac{1}{56}\\right) - 4 =
5\\left (-\\frac{1}{1253\\right) + 13\\left (\\frac{1}{25}\\right) +
4\\left (-\\frac{1}{6}\\right) - 4

= -\\frac{5}{125} + \\frac{13}{25} - \\frac{4}{5} - 4.\\]\nConverting all terms
to a common denominator (125):\n\\[-\\frac{5}{125} + \\frac{13(5)}{125} -
\\frac{80}{125} -

\\frac{500}{126} = -\\frac{5}{126} + \\frac{65}{1256} - \\frac{80}{125} -
\\frac{500}{125} = -\\frac{580}{125} = -4.64 \\neq 0.\\]\nSo, \\(x =
-\\frac{1}{5}\\) is not a

root.\n\nNext, let’s test \\(x = 2\\):\n\\[6(2)"3 + 13(2)"2 + 4(2) - 4 = 5
\\cdot 8 + 13 \\cdot 4 + 4 \\cdot 2 - 4 = 40 + 52 + 8 - 4 = 96 \\neq
0.\\1\nSo, \\(x = 2\\) is

not a root.\n\nNext, let’s test \\(x = -2\\):\n\\[5(-2)"3 + 13(-2)"2 + 4(-2) - 4
=5 \\cdot (-8) + 13 \\cdot 4 + 4 \\cdot (-2) - 4 =-40 +52 -8 - 4 =
0.\\]\nSo, \\(x =

-2\\) is a root.\n\nSince \\(x = -2\\) is a root, we can perform polynomial
division of \\(5x"3 + 13x7~2 + 4x - 4\\) by \\(x + 2\\). Using synthetic

division:\n\n\\[\n\\begin{arrayt{r|rrrr}\n-2 & 5 & 13 & 4 & -4 \\\\\n & & -10 &
-6 & 4 \\\\\n\\hline\n & 5 & 3 & -2 & 0 \\\\\n\\end{array}\n\\]\nThe
quotient is

\\(6x"2 + 3x - 2\\), so we have:\n\\[6x"3 + 13x72 + 4x - 4 = (x + 2)(6x"2 + 3x -
2) .\\]\nNext, we solve the quadratic equation \\(5x~2 + 3x - 2 = 0\\) using
the quadratic

formula \\(x = \\frac{-b \\pm \\sqrt{b~2 - 4ac}}{2a}\\):\n\\[x = \\frac{-3 \\pm
\\sqrt{3~2 - 4 \\cdot 5 \\cdot (-2)}}{2 \\cdot 5} = \\frac{-3 \\pm \\sqrt{9
+ 40}3{10} =

\\frac{-3 \\pm \\sqrt{49}}{10} = \\frac{-3 \\pm 7}{10}.\\]\nThis gives us two
solutions:\n\\[x = \\frac{-3 + 7}{10} = \\frac{4}{10} =
\\frac{2}{5},\\1\n\\[x = \\frac{-3 -

73{10} = \\frac{-10}{10} = -1.\\1\nThe roots of the equation \\(5x"3 + 13x~2 +
4x - 4 = 0\\) are \\(x = -2\\) and \\(x = \\frac{2}{5}\\) and \\(x = -1\\).
The smallest root

is \\(-2\\), so \\(n = -2\\) and \\(m = 1\\) .\n\nThe product of the absolute
values of \\(n\\) and \\(m\\) is:\n\\[In| \\cdot Im| = |-2| \\cdot [1] = 2
\\cdot 1 =

2.\\]\nThus, the answer is:\n\\[\\boxed{2}.\\]
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

[Yes]
Guidelines:

e The answer [N/A] means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A or
[N/A] answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
[Yes]
Guidelines:

* The answer [N/A] means that the paper has no limitation while the answer means
that the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate “Limitations” section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

[Yes]
Guidelines:

* The answer [N/A] means that the paper does not include theoretical results.
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* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

[Yes]
Guidelines:

» The answer [N/A] means that the paper does not include experiments.

* If the paper includes experiments, a answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

[Yes]
Guidelines:

* The answer [N/A] means that paper does not include experiments requiring code.
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* Please see the NeurIPS code and data submission guidelines (https://neurips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not

be possible, so is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//neurips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyperpa-
rameters, how they were chosen, type of optimizer) necessary to understand the results?
[Yes]

Guidelines:

* The answer [N/A] means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

[Yes]
Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* The authors should answer [ Yes] if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the
main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g., negative
error rates).

o If error bars are reported in tables or plots, the authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
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8.

10.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

[Yes]

Justification: Compute resources, hardware (4 NVIDIA A6000 GPUs), and training FLOPs
estimates across token budgets are detailed in Section[4.2](Table[I)) and Appendix [E]
Guidelines:

» The answer [N/A] means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.
* The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

[Yes]
Guidelines:

e The answer [N/A]| means that the authors have not reviewed the NeurIPS Code of
Ethics.

* If the authors answer , they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

[N/A].
Guidelines:

* The answer [N/A] means that there is no societal impact of the work performed.

o If the authors answer [N/A] or , they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate Deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.
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* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pre-trained language models,
image generators, or scraped datasets)?

[N/A].

Guidelines:

* The answer [N/A] means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

[Yes]
Guidelines:

* The answer [N/A] means that the paper does not use existing assets.
 The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

[N/A].
Guidelines:

» The answer [N/A] means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.
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* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

[N/A].
Guidelines:

* The answer [N/A]| means that the paper does not involve crowdsourcing nor research
with human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

[N/A].
Guidelines:

* The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used

only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigor, or originality of the research, declaration is not required.

[N/A].
Guidelines:

* The answer [N/A] means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy in the NeurIPS handbook for what should or should not
be described.
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